Andreev scattering of thermal excitations is a powerful tool for studying quantized vortices and turbulence in superfluid 3 He-B at very low temperatures. We write Hamilton's equations for a quasiparticle in the presence of a vortex line, determine its trajectory, and find under wich conditions it is Andreev reflected. To make contact with experiments, we generalize our results to the Onsager vortex gas, and find values of the intervortex spacing in agreement with less rigorous estimates. 
equations of motion. In Section IV we shall determine the ballistic trajectories of excitations in the vicinity of the velocity field of a vortex line, and, in Section V, we shall study the transport of heat by ballistic quasiparticles through a tangle of vortices. Section VI will apply our result to the current experiments. Finally, in Section VII, we shall draw the conclusions.
II. ANDREEV SCATTERING AND QUANTIZED VORTICES
The study of the motion of quasiparticle excitations in a superfluid was pioneered by Andreev [34] . Consider an excitation which moves in the direction of increasing excitation gap. The excitation propagates at constant energy, and gradually reaches the minimum of the rising excitation spectrum, where its group velocity becomes zero. Thereafter it retraces its path but as an excitation on the other side of the minimum. An incoming quasiparticle is thus reflected as a quasihole and an incoming quasihole is reflected as a quasiparticle. The effect is a consequence of the fact that the minimum of the energy spectrum of the excitation lies at nonzero momentum.
The case of p-wave triplet pairing appropriate to superfluid 3 He has been discussed by various authors studying the interaction of excitations with the boundaries [35] , motion of quasiparticles through the A-B phase boundary in 3 He [36] , ballistic motion of quasi-particle in slow varying textural field of 3 He-A [37] , scattering of ballistic quasiparticles in 3 He-B by a moving solid surface [38, 39] , and calculation of the friction force on quantized vortices [40, 41] . Ref. [41] and [42] are concerned with Andreev reflection within the vortex core and therefore apply to the bound states. Our concern is the propagation of thermal excitations outside vortex cores.
Collisions between the quasiparticles can cause some spreading of the incoming beam.
However, the spreading can be made arbitrary small by lowering the density of the excitations, that is to say, by lowering the temperature. At low enough temperatures the mean free path exceeds the dimensions of the experimental cell and we can consider undamped excitations moving along straight paths until they hit a boundary or any potential barrier, particularly a barrier formed by a vortex. 
where m is the mass of one 3 He atom. Consequently, in contrast to classical fluids, superfluid motion is irrotational and vorticity exist only in the form of quantized vortices. Quantized vortices are line defects around which the phase φ changes by 2π. The superfluid order parameter is distorted within the relatively narrow core of the vortex, and the superfluid flows around the core with speed which is inversally proportional to the distance from the vortex core. Since both the real and the imaginary parts of the order parameter are zero on the axis of a vortex, vortex lines can be considered as topological defects. Vortices cannot terminate in the middle of the flow, so they are either closed loops or extend to the walls. 
III. EQUATIONS OF MOTION OF THERMAL EXCITATIONS
Our first aim is to formulate, in the (x, y)-plane, the equations of motion of a single excitation moving in the velocity field of a single straight vortex which we assume to be fixed and aligned along the z-axis. We are thus concerned with a two-dimensional problem only. The quantities (here and below the numerical values of the quantities are taken at the 0 bar pressure [46] ) which are necessary to describe the motion of the excitation are the Fermi Using polar coordinates (r, φ) in the (x, y) plane , the velocity field of a superfluid vortex set along the z−axis is
where
is the quantum of circulation, andê φ is the unit vector in the azimuthal direction on the (x, y)-plane.
In the presence of the vortex, the energy of the excitation becomes
In writing Eq. (3.4), the spatial variation of the order parameter is not taken into account for the sake of simplicity. We also assume that the interaction term p · v s varies on a spatial scale which is larger than ξ 0 , and that the excitation can be considered a compact object of momentum p = p(t), position r = r(t), and energy E = E(p, r). This gives us the opportunity to use the method developed in Ref. [37] , and consider Eq. (3.4) as an effective
Hamiltonian, for which the equations of motion are
Eqs. (3.5) and (3.6) have one immediate integral of motion, the energy:
Excitations such that ǫ p > 0 are called quasiparticles, and excitations such that ǫ p < 0 are called quasiholes. The right-hand-side of Eq. (3.6) is thus the force acting on the excitation.
IV. PROPAGATION OF EXCITATION IN THE VELOCITY FIELD OF A VOR-TEX
We want to determine the trajectory of an excitation which moves in the two-dimensional velocity field of the vortex. It is convenient to rewrite the Hamiltonian, Eq. (3.4), and
Hamilton's equations (3.5) and (3.6) in polar cordinates (r, φ). We notice that the system consisting of a single excitation and a single vortex has a second integral of motion: the component of the angular momentum in the z-direction, perpendicular to the plane of motion, (x, y). Consequently, we can introduce two pairs of canonically conjugated variables, (p r ; r) and (J = p φ r; φ), where p r and p φ are the radial and azimuthal components of p, and J is the angular momentum. Since J is constant, it is convenient to write it in the form J = p F ρ 0 , thereby defining the constant ρ 0 for a particular trajectory. Under special initial conditions, as we shall see, ρ 0 can be interpreted as the impact parameter.
Eqs. (3.4), (3.1) and (3.5) become
By setting dE/dt = 0 and using Eq. (4.3) we finḋ
and from Eq. (4.2) we have
It is apparent from Eq. (4.3) that a quasiparticle incident upon the vortex has ǫ p > 0 and p r < 0, whereas a quasiparticle moving away from the vortex has ǫ p > 0 and p r > 0.
Vice-versa, a quasihole incident upon the vortex is characterized by ǫ p < 0 and p r > 0, whereas a quasihole moving away from the vortex has ǫ p < 0 and p r < 0.
Later we shall consider a quasiparticle which leaves a point of the wall of the cylindrical experimental cell; this quasiparticle is initially characterized by r = R (where R is the radius of the cell), p = p F and p r < 0. The axis of the vortex will still be at the centre of the coordinate system. In such case the quasiparticle with initial momentum directed along the x-axis will feel the effective pairing potential ∆ ef f ≈ ∆ 0 − p F yκ/(2πr) (Fig. 1 ).
It is obvious from Eq. (4.3) that unless ρ 0 is exactly zero (J = 0), the radial velocity of the excitation will eventually vanish. This may happen either because p r = 0 (classical turning point) or because ǫ p = 0 (Andreev turning point).
It can be seen from Eqs. (4.1) and (4.6) that the classical turning point is reached first when
(here and in the equations below the numerical factor 3 is introduced by the ratio between the effective mass of quasiparticle and the bare mass of a 3 He atom: m * /m ≈ 3) in which case a quasiparticle with this energy follows a trajectory which is of the "normal" type: the quasiparticle retains its "particle" nature and moves past the vortex, across the experimental cell to the wall on the opposite side. On the contrary, a quasiparticle with energy E such that
reaches the Andreev turning point first, undergoes Andreev reflection, and returns to a point near its starting point after changing its nature and becoming a quasihole.
Of these two cases, our concern is the case of Andreev reflection. We first determine the locus of Andreev turning points, defined by the minimum radial distance from the vortex core:
Consider a quasiparticle which has reached r = r min . At this point the radial velocity ṙ vanishes, but the excitation does not stop. It has still a nonzero azimuthal velocity, rφ.
Thereafter the excitation propagates as a quasihole (characterized by a negative value of ǫ p ).
In order to calculate the trajectory of a reflected quasiparticle it is convenient to simplify the governing equations of motion using the fact that at the ultra-low temperatures which interest us, T ≪ T c , most quasiparticles have energies ǫ p ≪ ∆ 0 . We can then make the following approximation:
This spectrum is similar to Landau's spectrum of excitations in superfluid He II near the
(where m r is the effective roton mass), which was used to calculate the mutual friction force [49] ; note that in Eq. where b = /p F , the sign plus is used for quasiparticles and the sign minus for quasiholes.
From Eqs. (4.11) and (4.12) we obtain the Andreev return time τ of the excitation (the time it takes to travel from the radial distance R to the Andreev reflection point and back) and the Andreev reflection angle ∆φ:
(4.14)
The evaluation of these elliptic integrals is shown in the Appendix. We obtain
which becomes, assuming R ≫ r and R ≫ ρ 0 ,
Similarly, assuming ρ 0 /R ≪ 1 and r min /R ≪ 1, the Andreev reflection angle is
To apply these results we assume that the initial momentum of the quasiparticle is directed along the x-axis, and that the angular momentum J = −py 0 = p F ρ 0 . From Eq. (3.1)
it follows that the momentum p = p F (1 + 2m * ǫ p /p F ) 1/2 and, in the ultra-low temperature
In this case ρ 0 becomes the impact parameter (Fig. 2) , and Eq. As it is seen from Eq. (4.9), the Andreev radius depends strongly on the initial energy of the excitation:
The same arguments apply to the critical value ρ 0c defined as a maximum value of ρ 0 which causes the Andreev reflection of quasiparticles with the given initial energy ǫ p . To calculate ρ 0c , we assume that at the starting point of the trajectory the quasiparticle has coordinates (R, φ 0 ), where φ 0 = arcsin(y 0 /R) ≈ − arcsin(ρ 0c /R); the coordinates of the Andreev reflection point in this case should be (r min , −π/2). Thus the difference between the reflection angle and the starting angle is 
In the typical low temperatures experiments k B T /∆ 0 ≈ 0.1, and, for quasiparticles with initial energy ǫ p ≈ k B T , we find r min ≈ 10(3πξ 0 ρ 0 ) 1/2 and ρ 0c ∼ 10 3 ξ 0 , while the same quantities for the quasiparticles with ǫ p ≈ (∆ 0 k B T ) 1/2 are r min ∼ 3(3πξ 0 ρ 0 ) 1/2 and ρ 0c ∼
V. HEAT TRANSPORT THROUGH THE VELOCITY FIELD OF A VORTEX
In the experimental studies of superfluid turbulence in 3 He-B at the ultra-low temperatures the vortex tangle is studied by detecting the fraction of quasiparticles which are Andreev reflected by the vortices and measuring the heat which is transported by the quasiparticles. Using the results of previous Sections, it is straightforward to calculate the fraction of energy (or heat) transmitted across the velocity field of a vortex. Once we know this fraction, we shall generalize it to a system of many vortices.
In Section IV it was explained that the quasiparticles characterized by the particular impact parameter ρ 0 are Andreev reflected by a vortex if their energies satisfy the condition A net flux of quasiparticles and of energy results only if there is some small temperature difference, δT ≪ T between the two sides. If this is the case, the heat carried by the incident quasiparticles is described by the expression:
is the density of states at the Fermi energy with corresponding Fermi momentum p F . The group velocity of a Bogolubov quasiparticle v g is given by the expression:
and f (E) is the Fermi distribution function, which, at ultra-low temperatures, is transformed into the Boltzman distribution, and describes the mean occupation number of a state with energy E:
The thermal flux of quasiparticles incident on the vortex velocity field per unit length per unit time is obtained with the help of Eqs. (5.2), (5.4) and (5.5); one has
If there is a plane current of quasiparticles with transverse cross section R 0 , then the total heat current incident on the vortex per unit time will be:
We assume that, in the (x, y)-plane orthogonal to the straight vortex line, the polarity of the vortex located at (0, 0) is positive and consider quasiparticles incoming in the positive x−direction. As discussed earlier, in this case the upper half-plane will be absolutely transparent for quasiparticles so that the heat transferred by quasiparticles through this half-plane will meet no resistance. The lower half-plane of vortex flow field will reflect a fraction of quasiparticles and induce some thermal resistance. A quasiparticle with the impact parameter ρ 0 is transmitted through the vortex velocity field if it carries the energy
πξ 0 /ρ 0 ), in which case the heat which is transferred per unit time by such a quasiparticle can be calculated as
Notice that estimating the ratio ξ 0 /ρ 0 we kept only the linear term.
The total amount of energy transferred through the vortex by quasiparticles originated within the interval −R 0 ≤ y ≤ R 0 is:
The integral in Eq.(5.9) can be estimated as To apply our result to experiments, we consider for simplicity a system of random parallelantiparallel vortices (i.e. a system of vortex points in the (x, y)-plane; such a system is known as the Onsager vortex gas). This vortex system is penetrated by a quasiparticle current created by a temperature difference δT . It is convenient to introduce the effective radius R 0 of each vortex as the half of the mean intervortex distance, i.e. R 0 = ℓ/2. We divide the vortex configuration in parallel layers of width ℓ each perpendicular to the quasiparticle current. Clearly, the transmittability of each layer is equal to the transmittability of a vortex within a region of radius ℓ/2. Thus the fraction of heat transmitted by each layer is
If we assume now that vortices are well separated and that their velocity fields do not overlap significantly, we obtain the conditions
Eq. (6.1) becomes
Driven by the temperature difference, the heat flux Q 0 reduces, after penetrating the first layer, to Q 1 = Q 0 δf tr ; after penetrating the second layer, it becomes Q 2 = Q 1 δf tr . Hence, after penetrating the last nth layer, we obtain Q n = Q n−1 δf tr . Thus we have
We conclude that the fraction of heat which is transferred through the system of vortices is
If the total vorticity is confined within a region of size S, the number of layers, n can be estimated as a n ≈ S/ℓ. From Eq. (6.5) we obtain:
Finally we obtain the intervortex distance:
The quantities S (the size of the vortex system) and f tr (the fraction of reflected quasiparticles) in Eq. (6.7) can be observed experimentally. From the available description of one experiment [29] , the maximum transmitted fraction of quasiparticle current is f tr ≈ 0.75 and the spatial extension of the vorticity is S ∼ 2 · 10 −1 cm. Since the zero temperature coherence length is ξ 0 ≈ 0.8 × 10 −5 cm, we conclude that in the case where ∆ 0 /k B T ∼ 10 the average intervortex distance is ℓ ∼ 1.62 · 10 −2 cm, which is in good agreement with existing estimates [43] .
VII. CONCLUSIONS
In conclusion, starting from Hamilton's equations, we have calculated the trajectories of quasiparticles which move in the velocity field of a quantized vortex in 3 He-B and determined the Andreev reflection point. Generalizing the result to a disordered system of many vortices, we have determined the precise location of turning point and showed how to recover the typical intervortex spacing in the turbulent 3 He-B. Our result is in good agreement with less rigorous estimates.
Future work will investigate Andreev reflection of quasiparticles by a system of moving vortices. We shall also study how the Andreev reflection technique can be used to visualize vortex structures (e.g. coherent bundles of vortices) and determine turbulent fluctuations and turbulence statistics.
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